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Abstract
We construct a separable metric space E in R3 for which both the small and large compactness
degrees cmpE = CmpE = 1 and the compactness deficiency defE = 2. This improves on the
example in R4 given by R. Pol (1992) as a counterexample to the well-known conjecture of J. de
Groot. Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
All spaces considered in this paper are assumed to be separable and metrizable. De
Groot [2] showed that a space X has a compactification X∗ with dim(X∗ \ X) 6 0 if
and only if X is rim-compact. A space is rim-compact if every point has arbitrarily small
neighborhoods with compact boundary. As a generalization of rim-compactness, he defined
the small (respectively large) inductive compactness degree, written cmpX (respectively
CmpX), of a space X as follows:
(i) cmpX =−1 if and only if X is compact,
(ii) cmpX 6 n if every point of X has arbitrarily small neighborhoods U with
cmp∂U 6 n− 1,
and
(i′) CmpX = cmpX if X is rim-compact,
(ii′) CmpX 6 n (> 1) if every closed subset of X has arbitrarily small neighborhoods
U with Cmp ∂U 6 n− 1.
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The compactness deficiency, written defX, of a space X is the least integer n for which
X has a metrizable compactification X∗ with dim(X∗ \X)6 n.
In general, the inequalities cmpX 6 CmpX 6 defX hold [1]. In [2] de Groot
conjectured that cmpX = defX. Pol [4] gave a negative answer to this conjecture by
exhibiting an example in R4 with cmp = 1 and def = 2 (= Cmp). De Groot also
conjectured that CmpX = defX but Kimura [3] constructed a counterexample in R4 with
Cmp= 1 and def= 2 or 3. He could not determine the exact value of def. Here we improve
on these constructions with a simpler example in R3 with cmp= Cmp= 1 and def= 2.
2. Construction of our example E
We work in R3. Let B = {(x, y, z) | (x2 + y2 + z2 6 1} (the unit ball), B+ = {(x, y, z) |
x2 + y2 + z2 6 1, z > 0}, S2= {(x, y, z) | x2 + y2 + z2 = 1} (the unit sphere), and S1 =
{(x, y, z) | x2 + y2 = 1, z= 0} (the unit circle in the xy-coordinate plane).
Let A = {a1, a2, . . .} be a countable dense subset of S1. Denote by Cai the half-open
interval [ai, bi) with bi = (1− 1/i)ai , i.e., Cai is an interval of length 1/i which contains
ai , lies on the radial interval connecting ai and the origin and does not contain the other
end point. Let D be a countable dense subset of C \ S1 where C =⋃{Ca | a ∈A}. Take d
in D. Then d is contained in some Ca = Ca(d), a = a(d) ∈A. Take a countable collection
Wd of circles with the center at d and diam→ 0 which lie in the plane passing through d
and perpendicular to Ca(d). In addition we require that the circles ofW =⋃{Wd | d ∈D}
are pairwise disjoint, contained in B and do not meet S2 ∪ C, and for every ε > 0 only a
finite number of circles ofW have diam> ε. Denote by W the union of the circles ofW .
Then the desired subspace is E = (B+ ∪ S1 ∪C) \W .
3. cmpE =CmpE = 1
Let F be a closed subset of E and let U be an open neighborhood of F in E. Denote
F1 = F ∩ (S1 ∪C) and F2 = (E \U)∩ (S1 ∪C). Separate F1 and F2 in S1 ∪C by a subset
S ⊂ S1 ∪C which is closed in S1 ∪C (and hence also closed in E) and such that
(i) SA = S ∩ S1 is a finite subset of A,
(ii) for every a ∈ SA, Ca ⊂ S,
(iii) SD = S \ (⋃{Ca | a ∈ SA})⊂D, and
(iv) every point of SD ∪ SA is isolated in SD ∪ SA.
Extend S to a closed separator SF ⊃ S between F andE \U inE such that S = SF \B+,
for every a ∈ SA there is an open neighborhood Ua of Ca in E such that SF ∩Ua lies in
the plane La perpendicular to the xy-coordinate plane and containing Ca , and for every
d ∈ SD there is an open neighborhood Ud of d in E such that SF ∩ Ud lies in the plane
Ld perpendicular to the interval Ca(d) and passing through d .
Then SF is rim-compact. Indeed, it is clear that every s ∈ SF ∩ B+ has arbitrarily small
neighborhoods with compact boundaries.
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Let s ∈ Ca, a ∈ SA. Since W ∩La is countable, there are arbitrarily small closed disks
Gs ⊂ La with the center at s such that (∂LaGs) ∩W = ∅ and Gs ∩ Ca is compact. Then
if Gs ∩ E ⊂ Ua we have that Gs ∩ E is a neighborhood of s in SF and ∂SF (Gs ∩ E) is
compact.
Let d ∈ SD and letGd ⊂ Ld be a closed disk with the center at d and ∂LdGd ⊂W . Then
if Gd ∩E ⊂Ud we have that Gd ∩E is a neighborhood of d in SF and ∂SF (Gd ∩E)= ∅.
Thus SF is rim-compact and CmpE 6 1. In the next section we show that defE = 2.
Then cmpE > 1 and hence cmpE = CmpE = 1 (see the Introduction).
4. defE = 2
Clearly defE 6 2. Let us show that defE > 2. Assume that E has a compactification
E∗ with dimH 6 1 where H = E∗ \ E. Then H ∗ = clE∗ H is also 1-dimensional.
Indeed, H ∗ = S1 ∪ (C \ S1) ∪ H . Since S1 is compact and C \ S1 is locally compact,
dimH ∗ =max{dimS1,dimC \ S1,dimH } = 1.
Then the identity map id :S1→ S1 can be extended over some open neighborhood U
of H ∗ in E∗. We will arrive at a contradiction by showing that there is a compact 2-
dimensional manifold M contained in U whose boundary is S1.
Take in R3 a plane Z which is parallel to the xy-coordinate plane with the z-coordinate
t > 0 so small that Z∩ (E \U)= ∅ and P ⊂E∩U where P = {s ∈ S2 | s = (x, y, z), 06
z 6 t} (= the points of S2 lying between S1 and Z ∩ S2). (We regard E \ U and E ∩ U
as subsets of R3.) Z intersects only a finite number of circles Q1,Q2, . . . ,Qn of W .
Let εi > 0 be so small that for the closed εi -neighborhood Oi of Qi in R3 we have
Oi ∩ (E \ U) = ∅, Oi ∩ S2 = ∅ and Ti = ∂R3Oi is a torus. We may also assume that
the Oi ’s are pairwise disjoint and for every i, Ti ∩Z consists of two disjoint circles.
Now define M =M1 ∪M2 ∪P where
M1 =
{
s ∈ T1 ∪ T2 ∪ · · · ∪ Tn | s = (x, y, z), z> t
}
and
M2 = (Z ∩E) \ (O1 ∪ O2 ∪ · · · ∪ On).
Then M ⊂E ∩U and M is a 2-dimensional manifold with ∂M = S1.
Remark. Clearly dimE = 3. The dimension of such an example can be easily reduced to
2. Let Zn = {(x, y, z)∈R3 | z= 1/n}. For everyQ ∈W take a sequence of tori T nQ around
Q and converging to Q such that every point in E ∩ B+ has a neighborhood intersecting
only a finite number of tori of {T nQ | n ∈N, Q ∈W}.
Define
E′ =
(
S2 ∪C ∪
(⋃{
T nQ | n ∈N, Q ∈W
})∪ (⋃{Zn | n ∈N}))∩E.
Then dimE′ = 2, cmpE′ = CmpE′ = 1 and defE′ = 2.
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